Let Hilb g S be the Hilbert scheme of g points on a K3 surface S. Suppose that PicS ∼ = ZC where C is a smooth curve with C 2 = 2(g − 1)n 2 . We prove that Hilb g S is birational to a Lagrangian fibration.
Introduction
In this article we address the question: when does a holomorphic symplectic manifold admit a fibration by Lagrangian tori?
Suppose we have a (proper, with connected fibres) surjective morphism π : X → Y between smooth projective varieties. Let H X and H Y denote ample line bundles on X and Y respectively. Consider the nef line bundle L := π * H Y on X; L has numerical Kodaira dimension dimY , meaning that this is the largest integer j such that the cup-product of j copies of L (thought of as a class in H 2 (X, Z)) is non-trivial in H 2j (X, Z). Another way of stating this is that the polynomial X (H X + tL) dimX in t has degree dimY .
The above observations are elementary, but now suppose that X is an irreducible holomorphic symplectic manifold of dimension 2g, i.e. X is compact, Kähler, and H 0 (X, Ω 2 ) is generated by a closed two-form σ which is nondegenerate (meaning it induces an isomorphism T ∼ = Ω 1 , or equivalently, σ ∧g trivializes the canonical bundle K X ). It is a deep fact about holomorphic symplectic manifolds that the degree 2g form X φ 2g on H 2 (X, Z) is the gth power of a quadratic form, up to a constant. The quadratic form q X is known as the Beauville-Bogomolov form [1] , and
is the Fujiki relation. In particular X (H X + tL) 2g = c X q X (H X + tL) g must be of degree 0, g, or 2g. This is essentially how Matsushita [16, 17] proved that the base and generic fibre of a non-trivial surjection from X must be of dimension g. By including also the term sσ in the Fujiki relation, he showed that the fibres are (holomorphic) Lagrangian, and in particular the generic fibre must be a complex torus.
When we have such a Lagrangian fibration on X, the line bundle L is isotropic with respect to q X . Conversely Conjecture 1 (Huybrechts [8] , Sawon [24] ) If there exists a non-trivial line bundle L on X which satisfies q X (L) = 0, then X is a Lagrangian fibration, at least up to birational equivalence.
Associated to L there are rational maps
and part of the problem is to show that L ⊗N is base-point free, so that the map is a morphism. The Kodaira dimension lim N →∞ dimImφ L ⊗N of a line bundle is never greater than its numerical Kodaira dimension, and the latter is equal to g when L is isotropic by the remarks above; thus the other part of the problem is to show that we actually have equality here. This amounts to showing that L has sufficiently many sections and hence is a special case of the Abundance Conjecture. However, in this article we will approach the conjecture in a less direct way.
An example due to Beauville [1] of an irreducible holomorphic symplectic manifold is the Hilbert scheme of g points on a K3 surface S, denoted Hilb g S. In this case there is an isometric isomorphism of weight-two Hodge structures
where H 2 (S, Z) has the usual intersection pairing, E has square −2(g − 1), and the direct sum is an orthogonal decomposition. Suppose L = (C, nE) is isotropic; then
If n = 0, then C 2 = 0, which implies that the K3 surface S is elliptic. The elliptic fibration then induces a Lagrangian fibration on the Hilbert scheme, i.e.
For n ≥ 1, assume that PicS ∼ = ZC. In particular, we assume C is primitive, so it must be reduced and irreducible. If n = 1, then C 2 = 2g − 2, and C will represent a smooth genus g curve. One can show that Hilb g S is birational to the compactified Jacobian of the linear system |C| ∼ = P g . More precisely, denote the family of curves by C/P g ; then Hilb g S is birational to Pic g (C/P g ). This example was studied by Beauville [2] . The case g = 2 and n = 2 also leads to a fibration (see Hassett and Tschinkel [9] or Fu [6] ), which we describe in Section 2. In fact, using a deformation argument Hassett and Tschinkel proved that Hilb 2 S admits a fibration when S is a generic K3 surface containing a smooth curve C with C 2 = 2n 2 (the case g = 2 and n arbitrary). More recently Iliev and Ranestad [12] constructed a fibration on Hilb 3 S when C is a genus 9 curve (the case g = 3 and n = 2).
In this article we prove Theorem 2 Let S be a K3 surface with PicS ∼ = ZC where C is a smooth curve with C 2 = 2(g − 1)n 2 (g ≥ 2 and n ≥ 2). Then Hilb g S is birational to a Lagrangian fibration.
In general we expect that the fibration should be the compactified Jacobian of a family of curves, but the K3 surface S does not contain curves of genus g. However, by studying carefully the case g = 2 and n = 2 we see that there is a Mukai dual K3 surface S ′ which does contain curves of genus g. We then use a twisted Fourier-Mukai transform to prove that Hilb g S is birational to the compactified Jacobian of the curves on S ′ (more precisely, to a torsor over the compactified Jacobian); in particular, it is birational to a Lagrangian fibration. The same result has been obtained independently and simultaneously by Markushevich [15] using similar methods. We expect that the birational map actually extends to a morphism.
Unfortunately the proofs of some of our lemmas fail when C is not primitive, though we expect the theorem should still be true. In the final section we outline how our method ought to generalize from Hilbert schemes to arbitrary moduli spaces of sheaves on K3 surfaces.
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A motivating example
We begin by describing a Lagrangian fibration on Hilb 2 S for a particular K3 surface S. This example was described by Hassett and Tschinkel [9] and by Fu [6] , though it appears to have been known to experts for some time before those articles. The fibration arises somewhat unexpectedly, but leads to a very rich geometry.
Classical description
Let S be a K3 surface given by the intersection of three generic smooth quadrics Q 1 , Q 2 , and Q 3 in P 5 . Then S contains a genus five curve C with C 2 = 8, and by the genericity assumption PicS is generated by C (we will tend to use the same notation for the curve C, its divisor class, and its class in H 2 (S, Z); the meaning will always be obvious from the context). Let ξ be a zero-dimensional length two subscheme of S. Then ξ is either a pair of distinct points or a point with a tangent direction, and in each case we obtain a line ℓ in P 5 . Each quadric in the net (P 2 ) ∨ generated by Q 1 , Q 2 , and Q 3 contains S, and therefore intersects ℓ in ξ. If a quadric intersects ℓ in one additional point, then it must contain ℓ. This is a single linear condition, and therefore quadrics which contain ℓ form a pencil p ∼ = P 1 in (P 2 ) ∨ . Dually, ξ determines a point P in P 2 and we obtain a morphism
By general results of Matsushita [16, 17] on the structure of fibrations on irreducible holomorphic symplectic manifolds, we know that the generic fibre must be a Lagrangian abelian surface. Moreover we can give an explicit description. Fix a point P ∈ P 2 corresponding to a pencil p of quadrics. The base locus of this pencil is a three-fold Y P in P 5 , and each line ℓ in Y P intersects S in a length two subscheme ξ. Therefore the fibre over P is the space parameterizing lines in Y P , which is known to be an abelian surface (see Chapter 6 of Griffiths and Harris [7] ). In fact, Griffiths and Harris give a description of this surface as the Jacobian of a genus two curve: in the pencil of quadrics p there will be precisely six singular quadrics (counted with multiplicity), and the genus two curve D p is the double cover of p ∼ = P 1 branched over these six points. Note that if some of these six points coincide then D p is singular; in that case the fibre is the compactified Jacobian of D'Souza [4] , which is a degeneration of a nearby smooth fibre. Altogether we see that Hilb 2 S is locally isomorphic as a fibration to the relative compactified Jacobian of the family of curves
We don't claim that the isomorphism is global: see our comments in the next subsection.
Moduli space interpretation
There is a result of Markushevich [13, 14] which roughly says the following: suppose we have a family of genus two curves parameterized by a complex surface B such that the compactified Jacobian of the family is a holomorphic symplectic four-fold; then the curves are the complete linear system of curves on a K3 surface, and in particular B is the projective plane. Curiously in the above example S does not contain any genus two curves. However, we will describe another K3 surface S ′ which does, and indeed these are precisely the curves D p described above. The K3 surface S ′ will be Mukai dual to S, and the (twisted)
Fourier-Mukai transform will induce the isomorphism between Hilb 2 S and the relative Jacobian of the linear system of curves D P . More precisely, Hilb 2 S will be isomorphic to a moduli space of stable (torsion) twisted sheaves on S ′ , and the latter will only be locally isomorphic to the relative Jacobian, as a fibration.
In fact S ′ is easy to describe. In the net (P 2 ) ∨ of quadrics there is a sextic parameterizing singular quadrics, and S ′ is the double cover of (P 2 ) ∨ branched over this sextic. Clearly it contains the curves D p , which are double covers of the pencils in p ⊂ (P 2 ) ∨ branched over the same points. We want to understand S ′ as a moduli space of sheaves on S. This is Example 0.9 in Mukai [19] (see also Example 2.2 in [21] for more details). Each quadric in the net (P 2 ) ∨ can be regarded as an embedding of the complex Grassmannian Gr(2, 4) of planes in C 4 into P 5 (strictly speaking it is a birational map of Gr(2, 4) onto its image when the quadric is singular). Over the Grassmannian there are two natural rank two bundles: the universal bundle of planes E, which sits inside the trivial rank four bundle, and the universal quotient bundle F . Thinking of E ∨ and F as bundles over the quadric, and restricting to the K3 surface S, gives two stable bundles over S with c 1 = C and c 2 = 4. In other words, they have Mukai vector w := (2, C, 2).
In case the quadric is singular, E ∨ | S and F | S become isomorphic. Thus S ′ , the double cover of (P 2 ) ∨ branched over the sextic of singular quadrics, parameterizes a family of stable bundles on S of Mukai vector w. Since w is isotropic, we know that the moduli space M w (S) has dimension two, and thus
The Hilbert scheme Hilb 2 S can be regarded as the moduli space M 
for some d ∈ Z from a Fourier-Mukai transform between S and S ′ = M w (S). However, looking at w = (2, C, 2), we see that the greatest common divisor of 2, degC = 8, and 2 is not one. Therefore S ′ is a non-fine moduli space of sheaves on S, and a universal sheaf does not exist: the obstruction is a gerbe α ∈ H 2 (S ′ , O * ) (we will see later that α really is non-trivial). However, in this situation there exists a twisted universal sheaf, and this induces a twisted Fourier-Mukai transform (see Cȃldȃraru [3] )
. The twisted Fourier-Mukai transform will induce an isomorphism
between Hilb 2 S and the moduli space of stable twisted sheaves on S ′ with twisted Mukai vector (0, D, d − 1) (moduli spaces of stable twisted sheaves were constructed by Yoshioka [26] ). Note that because the latter are supported on curves, and any gerbe restricted to a curve becomes trivializable, any twisted sheaf in M (0,D,d−1) (S ′ , α −1 ) can be identified with an untwisted sheaf. Because the identification is not canonical M (0,D,d−1) (S ′ , α −1 ) will not be globally isomorphic to the untwisted moduli space M (0,D,d−1) (S ′ ). However, they are both torsors over the relative compactified Jacobian of the family of curves, and in particular
is a fibration over |D| ∼ = P 2 , the map given by taking support.
Since we have outlined the basic ideas, we will pass now to the general situation, rather than working through this example in detail.
A Mukai dual Ksurface
Let S be a K3 surface and let Hilb g S = M (1,0,1−g) (S) be the Hilbert scheme of g ≥ 2 points on S, or equivalently the moduli space of stable sheaves with Mukai vector v := (1, 0, 1 − g). The weight-two Hodge structure of moduli spaces of sheaves on a K3 surface was described by O'Grady [22] . We have
. Suppose there is a divisor on Hilb n S with square zero with respect to the Beauville-Bogomolov quadratic form. Write this divisor as (C, nE) where
We can take n to be positive; in fact let n ≥ 2, since the existence of a Lagrangian fibration when n = 1 is well-known (see the introduction). We assume that our K3 surface S has Picard number one and that PicS ∼ = ZC. Without loss of generality, suppose that C is ample (rather than −C); throughout, by S we will always mean S with this given polarization. Since we've assumed C is primitive, it must be reduced and irreducible. Define a Mukai dual K3 surface S ′ as the moduli space M w (S) of stable sheaves on S with Mukai vector w := (n, C, (g−1)n). Observe that w is primitive and isotropic so S ′ really is a K3 surface (Theorem 1.4 in Mukai [20] ; nonemptyness of moduli spaces of stable sheaves on a K3 surface was proved in the general case by Yoshioka in [25] , though many special cases were known earlier, including M w (S) presumably).
Lemma 3 Every sheaf in S
′ is locally free.
Proof Let U t be the sheaf on S corresponding to t ∈ S ′ . Since U t is stable, it is µ−semi-stable. But U t has slope µ(U t ) = C 2 n and since C generates PicS, a proper subsheaf can have slope at most zero. Thus U t is µ−stable. Now Corollary 3.10 of Mukai [20] implies that U t is locally free. Explicitly, the double-dual U ∨∨ t will also be µ−stable. If U t is not locally free then there is an exact sequence
where Z is a zero-dimensional subscheme of S, and
has square −2nℓ(Z) < −2, contradicting the Bogomolov inequality (for example, see Huybrechts and Lehn [10] ).
Since the greatest common divisor of n, degC = 2(g − 1)n 2 , and (g − 1)n is not one, we do not expect S ′ to be a fine moduli space of sheaves on S. More precisely, there exists a gerbe α ∈ H 2 (S ′ , O * ) which is the obstruction to the existence of a universal sheaf, and this gerbe is n−torsion. (Later we will see that α really is non-trivial.) Let B ∈ H 2 (S ′ , Q) be any rational B-field lift of α, in the sense of Huybrechts and Stellari [11] . In other words, the (0, 2)−part of B is mapped to α under the exponential map.
Denote by q and p the projections from S × S ′ to S respectively S ′ . There exists a p * α−twisted universal sheaf U on S × S ′ , which is such that U t = U| S×t is the sheaf on S which the point t ∈ S ′ parameterizes. There is a twisted Fourier-Mukai transform (see Cȃldȃraru [3] )
with quasi-inverse
(The composition of Φ and Ψ is the identity shifted by 2.) At the cohomological level we obtain an isomorphism of twisted weight-two Hodge structures (see [11] )
by using v(U), which also preserves the Mukai pairing. Its inverse Ψ * is given by using v(U ∨ ).
Lemma 4 There is an isometric isomorphism
Proof This is just an adaptation of the proof in the untwisted case (see Theorem 6.1.14 in Huybrechts and Lehn [10] ). The isomorphism is induced bỹ
Firstly Ψ * is given by
The H * (S)⊗ H 0 (S ′ , −B) part is given by w ∨ (almost by definition). Therefore if c ∈H(S, Q) is orthogonal to w then Ψ * (c) will have H 0 (S ′ , −B, Q) component zero. Next observe that w is mapped to (0, 0, 1) in bothH(S ′ , −B, Q) and H(S ′ , Q) (again, almost by definition), so we can quotient out to obtain the isomorphism
over Q. Since Ψ * and the isometry
induced by exp(B) are defined over Z, we actually have an isomorphism over Z. generates PicS ′ over Z and m ≥ 1. By the previous remark m and k must be coprime since (1, 0, 1 − g) must map to a primitive vector.
Remark We now argue that α is non-trivial. Suppose otherwise; first note that the previous two lemmas would still apply. We would also have a FourierMukai transform between S and S ′ , which at the cohomological level induces an isometry between generalized Picard groups (see 3.6 of Orlov [23] ). However the quadratic forms on
Lemma 6 The linear system |D| on S ′ contains smooth curves. Equivalently, we can assume D itself is smooth.
Proof Since PicS
′ ∼ = ZD ′ , every curve in |D ′ | is reduced and irreducible. The following proof that |D ′ | is base-point free is taken from Mérindol [18] : the short exact sequence
leads to the long exact sequence
′ | is also base-point free, and so by Bertini's Theorem the generic element is a smooth curve.
Birationality of moduli spaces
Our goal now is to use the twisted Fourier-Mukai transform between S and S ′ to induce a birational map between the (twisted) moduli spaces
In fact we will redefine Ψ to be the Fourier-Mukai transform
By changing U ∨ to U, we find that v = (1, 0, 1 − g) is taken to (0, −D, k). We will show that the composition of Ψ with taking cohomology and the shift functor induces the birational map
The proof of Theorem 2
Let Z ∈ Hilb g S be a generic element of the Hilbert scheme of S. Thus Z consists of g distinct points {z 1 , . . . , z g }. The cohomological twisted Fourier- . A priori the image is a complex of twisted sheaves, though we will show that it has non-trivial cohomology only in degree one; thus it is canonically isomorphic to a (twisted) sheaf in degree one. From its twisted Mukai vector, we know that this sheaf must look like ι * L [1] , where ι : D 0 ֒→ S ′ is the inclusion of a curve D 0 ∈ |D| into S ′ , and L is a (twisted) line bundle of some degree on D 0 . Composing with the shift functor we get a typical element of M (0,D,−k) (S ′ , α).
Now Ψ takes I Z to a complex whose cohomology looks like
Our aim is to show that only the R 1 term is non-vanishing, and for this we consider the fibres over t ∈ S ′ . Start with the short exact sequence
Tensoring with U t = U| S×t and taking the corresponding long exact sequence gives
In the third column H 0 (Z, U t | Z ) has dimension gn, since U t is a rank n vector bundle and Z consists of g points; the higher cohomology vanishes. We also show that the higher cohomology of U t on S vanishes.
Lemma 7
The groups H 1 (S, U t ) and H 2 (S, U t ) vanish for all t ∈ S ′ .
Proof Recall that U t is a µ−stable locally free sheaf with Mukai vector w = (n, C, (g − 1)n). Thus U ∨ t is also µ−stable, with Mukai vector (n, −C, (g − 1)n) and hence negative slope. Therefore U ∨ t has no sections and
Suppose H 1 (S, U t ) does not vanish. Then neither does
and hence we have a non-trivial extension
would contradict the Bogomolov inequality [10] . Therefore F is unstable. A destabilizing subsheaf must have rank less than n + 1 and slope greater than − 1 n+1 C 2 , and thus at least zero since C generates PicS. By standard arguments (see Friedman [5] ) we can assume that O is a destabilizing subsheaf. Explicitly, suppose F ′ destabilizes F and consider the composition
If this is not an isomorphism then its kernel destabilizes U ∨ t ; but if it is an isomorphism then the sequence defining F splits, also a contradiction.
We immediately conclude from the long exact sequence that H 2 (S, I Z ⊗ U t ) vanishes for all t ∈ S, and hence
for all Z ∈ Hilb g S.
Lemma 8 The (twisted) sheaf R 0 p * U on S ′ is locally free of rank gn.
Proof By the previous lemma, the dimension of the fibre
is independent of t ∈ S ′ and equal to
is generically injective. Since both spaces have dimension gn, we can instead prove generic surjectivity.
Lemma 9
For generic Z ∈ Hilb g S and t ∈ S ′ the evaluation map
is surjective.
Proof Begin with the gn sections of U t . Pick a point z 1 ∈ S such that the gn sections generate the fibre (U t ) z1 , and remove any n sections which generate (U t ) z1 . Now pick a second point z 2 ∈ S such that the remaining (g − 1)n sections generate the fibre (U t ) z2 , and remove any n sections which generate (U t ) z2 . Continuing in this manner will lead to Z := {z 1 , . . . , z g } such that
is surjective, unless at some stage we cannot find a point z ∈ S such that (U t ) z is generated by n independent sections of U t . This would imply that these n sections instead generate a subsheaf E of rank r < n. Choose r of the n sections which generate the generic fibre of E. Thus there is an injection O ⊕r ֒→ E → F whose cokernel F is supported on a curve in S. Thus
.
On the other hand, the Picard lattice of
It is generated by ( which is not equivalent to the quadratic form above.
Fibrations on moduli spaces of sheaves
In this final section we will outline how the method introduced in this paper should generalize to arbitrary moduli spaces of sheaves on a K3 surface S. Let M v (S) be a moduli space of stable sheaves on S of dimension 2g := v, v + 2 > 2.
The weight two Hodge structure of M v (S) is isomorphic to v ⊥ (see O'Grady [22] ). Suppose there exists a line bundle with square zero with respect to the BeauvilleBogomolov quadratic form. In other words, we have
with w 2 = 0. We can regard w = (w 0 , w 2 , w 4 ) as an isotropic element ofH(S, Z). We can assume w is primitive, and that its first component w 0 is non-negative. If w 0 = 0 then we would have w 2 2 = 0, implying S is an elliptic K3 surface. It is well known that M v (S) is a Lagrangian fibration in this case (see Friedman [5] ), so we can assume w 0 is positive.
Define a Mukai dual K3 surface S ′ as the moduli space M w (S) of stable sheaves on S with Mukai vector w. Since w is primitive and isotropic, S ′ really is a K3 surface (see Mukai [20] ). Now as in Lemma 4 there is an isometric isomorphism H 2 (S ′ , Z) ∼ = w ⊥ /w (as we saw earlier, this is the case regardless of whether S ′ is a fine or non-fine moduli space). Since v and w are orthogonal, v defines a class in H 2 (S ′ , Z). Up to a sign it will be represented by a smooth curve D with which at the cohomological level takes v to ±(0, D, k) for some k ∈ Z. As in the case of the Hilbert scheme, we expect that this Fourier-Mukai transform composed with taking cohomology and a shift functor will induce an isomorphism of moduli spaces
and therefore a Lagrangian fibration
Similar arguments should apply to the generalized Kummer varieties.
